We establish a brane-brane duality connecting T-branes to collections of ordinary D-branes. T-branes are intrinsically non-Abelian brane configurations with worldvolume flux, whereas their duals consist of Abelian brane systems that encode the T-brane data in their curvature. We argue that the new Abelian picture provides a reliable description of T-branes when their non-Abelian fields have large expectation values in string units. To confirm this duality, we match the energy density and all the electromagnetic couplings on both sides. A key step in this derivation is a non-trivial factorization of the symmetrized-trace nonAbelian Dirac-Born-Infeld action when evaluated on solutions of the α -corrected Hitchin system.
Introduction
T-branes are among the most intriguing objects in String Theory. They were first realized as configurations of stacks of ordinary D-branes on which the vacuum expectation values of two of the worldvolume scalars and of the worldvolume flux are mutually non-commuting [1] (see also [2] ). This non-Abelian piece of brane physics implies that geometric data alone is not enough to characterize them, which makes their behavior somewhat exotic from a model-building viewpoint. This is one of the main reasons for their intense investigation in the past few years .
In previous work [17] , three of the authors and Minasian have shown that certain T-brane solutions preserving eight supercharges have a new description in the regime of parameters where the non-Abelian fields have large expectation values in string units, in terms of a collection of ordinary branes with commuting worldvolume scalars. This suggests a type of brane-brane duality, similar in spirit to the Myers effect [33, 34] , by which non-Abelian brane configurations in one regime of parameters correspond to charges and dipole moments of higher-dimensional Abelian branes in another regime of parameters. The crucial difference is that T-branes do not polarize, so the data of the non-Abelian description is not encoded in the dipole moments of some higher-dimensional brane, but rather in the curved shape of the holomorphic manifold wrapped by Abelian branes of the same dimension.
The evidence for the brane-brane duality conjectured in [17] came via a rather indirect chain of reasoning that involved T-duality and the Myers effect, and depended crucially on certain details of the starting non-Abelian solutions. It is the purpose of this paper to show that this duality is a universal feature of all T-brane solutions, and to establish a way to systematically obtain the Abelian description of T-branes starting from their traditional non-Abelian description.
One highly non-trivial check of this duality is to match both brane actions, the DiracBorn-Infeld (DBI) and the Wess-Zumino (WZ) ones, on the Abelian and the non-Abelian side. This guarantees that the energy density and all the induced brane charges agree in the two descriptions. Given the complexity of the non-Abelian brane action, at first glance such a match appears rather unlikely, except perhaps for very peculiar solutions. However, we will show that, upon taking into account curvature corrections to the Hitchin system and doing some rather non-trivial manipulations, one can establish this match systematically and in full generality. In particular, we will show that achieving the match is impossible unless the Abelian branes branch out into several components, according to a pattern dictated by the matrix structure of the T-brane worldvolume scalars.
To translate the T-brane non-Abelian data to the Abelian side, the strategy we will use is to first considerably simplify the expressions of the brane actions by making use of the supersymmetry equations, and then to formulate the duality match as a set of differential equations whose solution determines the holomorphic manifold wrapped by the branes in the Abelian description.
We will be able to establish the duality not only for T-branes preserving eight supercharges but also for T-branes preserving only four. The equations describing them are much more complicated (and also have much more interesting physics) and, to match all of their couplings, one needs to also take into account the next-to-leading order α corrections to the supersymmetry equations and to the action.
We expect that effects coming from the finite size and nontrivial curvature of the cycles wrapped by T-branes will be suppressed as powers of
, where L CY is a typical size of the compactification manifold. Hence we will derive our dictionary restricting our analysis to T-branes extended on flat hyperplanes in a non-compact space. A common feature of the Abelian branes dual to these T-branes is that their worldvolume has no electromagnetic fluxes but has a non-trivial curvature. It is this curvature that encodes the information contained in the non-Abelian electromagnetic flux of the T-branes.
Even though one can construct T-branes with any kind of Dp-branes 1 , for traditional reasons we focus on T-branes constructed using D7-branes. We take them extended on R 1,3 times a four-dimensional "internal" hyperplane. The standard formulation of their supersymmetric dynamics is in terms of a Hitchin-like system [35] , depending on a complex worldvolume scalar Φ (the so-called Higgs field) valued in the Lie Algebra of the gauge group, parameterizing the two transverse directions of the D7-branes. 2 Calling the non-Abelian gauge field living on the stack of D7-branes and its field strength A and F 2 respectively, minimal supersymmetry on R 1,3 is preserved if and only if the following However, if we use minimal supersymmetry in four dimensions, and consider the onshell DBI action, the validity of the non-Abelian description appears to extend to large expectation values of the non-Abelian fields. As we will discuss in Section 3, this happens essentially because α corrections to the last equation of (1.1), which are generally out of control because of the absence of holomorphicity, are related to corrections of the WZ action, and thus take a particularly well-controlled form. This, in turn, makes it possible to remove any ambiguity from the non-Abelian DBI action by writing it on-shell. We therefore argue that the symmetrized-trace prescription for the non-Abelian DBI action, when the latter is evaluated on a solution of the (α -corrected) Hitchin system, describes the physics correctly even for large non-Abelian-field vevs.
The rest of the paper is organized into two main Sections, 2 and 3, which discuss Tbranes solutions preserving eight and four supercharges respectively. Their structure is similar: We first describe the non-Abelian side and write down the corresponding DBI and WZ actions; then we do the same on the Abelian side; finally we derive the full set of conditions needed to match the actions on both sides. In Section 2.2 we propose an algorithmic procedure to use these duality conditions and to construct the Abelian dual of a given T-brane. In Section 2.3 we apply this method to revisit the example presented in [17] . Finally, in Section 4 we draw our conclusions and list a number of interesting questions left unanswered.
Since this paper involves several technically heavy computations, we report only a limited amount of details and results here, and accompany the paper with a Mathematica notebook [40] which the reader is referred to for all the details.
Eight supercharges
In this section we will focus on generic T-branes preserving eight supercharges, and work out their dual Abelian description. In Section 2.1 we will establish the general set of rules that this description needs to meet and discuss its features. We will then discuss in Section 2.2 how to find in principle explicit solutions for the dual picture, and finally in Section 2.3 we will apply the duality to a specific six-dimensional T-brane configuration, revisiting the example presented in [17] .
Duality
As we outlined in the Introduction, to establish our duality we have to demand that the energy density and the charge densities on the two sides are the same. These are complicated functions of the worldvolume coordinates, given by the DBI action and the couplings to the various Ramond-Ramond potentials in the WZ action. We start by deriving these expressions on both sides, and then proceed to lay down the general dictionary to match them.
The non-Abelian side: Hitchin system
Let us consider flat ten-dimensional space-time in Type IIB string theory and a flat stack of N D7-branes. For T-brane configurations preserving eight supercharges, we can just restrict our attention to a C 2 factor of the ten-dimensional space-time, which we parametrize by w = w 1 +iw 2 and z = z 1 +iz 2 , and disregard the remaining six directions. The non-Abelian complex worldvolume scalar is written in terms of real scalars as Φ = 1 2 (φ 8 + iφ 9 ), and the brane stack is embedded through the trivial holomorphic equation f ( A) (w, z) := z = 0.
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We denote the only two real worldvolume coordinates we care about by σ, s, and choose to work in static gauge, meaning σ = w 1 , s = w 2 . Given the space-time complex structure chosen, this specifies the complex structure on the worldvolume such that σ + is is the holomorphic coordinate. 5 Having made this choice, we can write the equations governing the supersymmetric dynamics of this configuration in the form of a Hitchin system (1.1). As it will be more useful for us, let us express it in terms of real coordinates:
where we have used the fact that Aw = 1 2
In the following, we will be using the short-hand notation
As stated in the introduction, we focus on configurations where Tr φ 8 = Tr φ 9 = 0, and where φ c is along the Cartan of the gauge group. The non-Abelian WZ action for a Dp-brane, including Myers's terms [33] and curvature corrections [41] [42] [43] is:
where λ = 2π 2 s = 2πα and µ p = 2π/(2π s ) p+1 , P denotes pull-back to the brane worldvolume, ι φ φ φ corresponds to contraction with the normal vector φ φ φ := {φ p+1 , . . . , φ 9 }, C is the Ramond-Ramond polyform, B is the NS-NS two-form, and STr indicates symmetric trace. The last factor corresponds to the curvature corrections, expressed in terms of the so-called A-roof genus, a polyform whose first non-trivial term is a four-form. For the moment, we can ignore these curvature terms, because only two dimensions of the brane worldvolumes we consider throughout this section are going to carry curvature. We will come back to them in Section 3.2.
Let us choose for definiteness p = 7. There are three types of RR fields that will have non-trivial couplings on both sides of this duality:
The superscripts ( A) and (A) denote quantities on the non-Abelian side and on the Abelian side respectively.
5 Even though these appear as trivial remarks at this point, they are important for our later analysis, because the duality generically modifies the complex structure of the brane. 6 We use the following notation here:
2 } are collective coordinates for the C 2 subspace of the space-time.
• C
. This is the C 8 component along w 1 and w 2 , arising from the trivial pull-back of the static gauge σ = w 1 and s = w 2 .
. These components of C 8 arise in two ways: Non-Abelian pull-back which uses λΦ as transverse coordinate, and non-Abelian contraction ι φ φ φ ι φ φ φ followed by wedge with F 2 .
• Mixed. In principle there could be couplings to forms with mixed legs, of the type C (w 1 z 2 ) , in which we have a non-trivial, non-Abelian pull-back corresponding to the coordinate z 2 , and a trivial one corresponding to the coordinate w 1 . These terms will contain one power of the scalar φ 9 . Since this field is traceless all these couplings are zero.
The final expression for the WZ action on the non-Abelian side can be written as (see [40] for details)
where we have used the first two equations of (2.1) to get rid of expressions containing φ 9 . Note that the term
The non-Abelian DBI action [33] together with the curvature corrections [44] , has the form
where φ is the dilaton and
with G µν the space-time metric.
In the above, the indices µ, ν are space-time indices, running from 0 to 9, α, β are worldvolume indices, running from 0 to p, and a, b are transverse indices, running from p+1 to 9. The worldvolume Riemann and Ricci tensors are (R T ) αβγδ and (R T ) αβ respectively, and R N is the curvature two-form of the SO(9 − p) normal bundle. As before, these curvature terms vanish throughout this section. We will discuss them in more detail in Section 3.2, where they are going to play a key rôle.
Using the embedding of the D7-brane configuration outlined above, one can show that the DBI action (2.4) takes the form (see [40] for details) 6) where the first two equations of (2.1) have again been used to simplify this expression.
The Abelian side: Curved branes
With [17] as a guide, we look for a dual configuration involving ordinary D-branes wrapping curved, non-trivially embedded Riemann surfaces, without a worldvolume gauge field. The space-time is still parametrized by complex coordinates w and z, and the brane worldvolume by real coordinates σ and s. If we insist on keeping supersymmetry manifest in our dual description, the brane embedding should be described as the zero-locus of a holomorphic function f (A) (w, z). Away from possible poles, we may always invert the latter equation and get a relation z = z(w), which is better suited for the computations below. Since we fixed the real worldvolume coordinates on both sides of the duality to be σ, s, we also need to specify the relation (σ, s) ↔ (w 1 , w 2 ), which we chose to be the identity on the non-Abelian side. This relation, in turn, will determine a choice of complex structure on the dual brane, which will in general not be holomorphically related to the one on the non-Abelian stack. This is to be expected, because the duality involves non-holomorphic data through the last equation of (2.1).
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To establish the duality we will now derive the WZ action and the DBI action on this Abelian side, and compare them to the corresponding expressions (2.3) and (2.6) of the non-Abelian side. Let us start with the WZ action. Using the general formula (2.2), the fact that we have no worldvolume flux, and the holomorphicity of the embedding (i.e. ∂wz = 0), we find (see [40] for details):
where J is the Jacobian matrix that pulls the space-time coordinates X i = {w 1 , w 2 } back to the worldvolume coordinates ξ α = {σ, s}:
We can see that there is a discrepancy between the Abelian couplings (2.7) and the non-Abelian ones (2.3), coming from the sources for the mixed forms C . Furthermore, one cannot impose these sources to be zero, since this would prevent the C (zz) 8 coupling to match. We also know that charge conservation imposes that the Abelian branes dual to a T-brane realized on N D7 branes must also have charge N . 8 In this construction method, the freedom of reparametrization of the brane-worldvolume coordinates shows up as an overall modification in the relationship (σ, s) ↔ (w 1 , w 2 ) on both sides of the duality. Of course, to keep supersymmetry manifest, such modification needs to respect the holomorphic structure. 9 One may attempt to formulate the dual description in terms of a single Abelian brane wrapped N times, as done in [17] . This corresponds to fixing detJ = N , which still would not be sufficient to match the mixed terms.
Both of these issues can be resolved once we realize that the dual Abelian brane configuration is made of N different strands, with WZ actions given by (2.7), each of them separated by a phase z → ze iχ k , for the k th strand. The action to be matched with the non-Abelian side is then the sum over the N individual strands. The mixed terms get cancelled under this sum by appropriate choices of phase, for instance χ k = 2πk/N .
Explicitly this procedure means that the correct expression to match with (2.3) is instead
We will discuss the interpretation of this multi-branched Abelian brane when we revisit the explicit example of [17] , in Section 2.3.
Let us now turn to the DBI action, which, using the general formula (2.4), can be written as (see [40] for details):
where again we have used the holomorphicity of the embedding and the absence of flux. Notice that, the DBI action does not come with mixed terms before the sum over each strand of the Abelian brane. Also, note that, even though the worldvolume of the Abelian brane is curved, the curvature terms in the DBI (2.4) are still vanishing. This is because the curved part of the worldvolume is a Riemann surface, and thus the various curvature quantities appearing in (2.4) have the simple form
12)
where Ω is the only surviving component of the second fundamental form, which we will discuss in more detail in Section 3.2, and h is the hermitian metric on the Riemann surface.
Duality dictionary
We are now in the position to compare the two pairs of actions: The non-Abelian WZ (2.3) with the Abelian WZ (2.8), and similarly the DBI actions (2.6) and (2.9). Since we are going to establish a brane-brane duality, we must do it independently of closed-string data. Hence we have to match each C 8 -component in the WZ actions. This brings us to the following two real conditions det J = 1 , (2.14)
which also imply equality of the DBI actions. In order to get acquainted with these conditions, let us start by understanding what they mean for ordinary D-branes with φ c = 0. While Equation (2.14) can be trivially solved by choosing a static gauge, Equation (2.15) can be rewritten as
where we have simultaneously diagonalized φ 8 and φ 9 . This equation simply follows from the equivalence of two different descriptions of an Abelian system of N D7-branes: On one hand we can describe it as a stack of N D7-branes placed at z = 0 with a non-trivial vev for the Higgs field along the Cartan of the gauge group, and this corresponds to the r.h.s. of (2.16); on the other hand, the l.h.s. of (2.16) corresponds to describing the same system by the embedding function of each of the N components (strands) of the stack. This equivalence is expressed by the identification 17) where k = 1, . . . , N labels the strands, and where the rôle of the eigenvalues of Φ as transverse-deformation fields is apparent. In Equation (2.15) we have the trace of a N × N matrix, but the N dependence of such a trace highly depends on the details of the T-brane configuration we focus on. A particular configuration of T-brane type where we can explicitly extract the N dependence of the trace is one in which φ 8 , φ 9 , φ c are proportional to the generators {Σ a } a=1,2,3 of an su(2) subalgebra of the gauge algebra. For the su(N ) gauge algebra, this happens for example when Φ ∝ i i(N − i)E α i , where the sum extends over the set of simple roots {α i } i=1,...,N −1 , with associated generators E α i . This corresponds to the principal nilpotent embedding, where the N dependence of the trace is given by:
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There is another important point we want to emphasize here. The non-Abelian side has a manifestly supersymmetric description in terms of the Hitchin system (1.1), where we fixed the complex structure on the brane stack by choosing w = F ( A) (σ, s) = σ + is. Similarly, on the Abelian side, supersymmetry has been made manifest by working with an holomorphic function z = z(w). Solving equations (2.14) and (2.15) in particular amounts to specifying a new relation of the type w = F (A) (σ, s). The trivial relation F (A) (σ, s) = σ + is, chosen for the Hitchin system, would still solve Equation (2.14) , that can also be written as
However, as we will see explicitly later in an example, this relation would in general be incompatible with Equation (2.15), thereby forcing us to choose a different F (A) (σ, s) solving (2.14). Such a relation will in general alter the complex structure chosen on the brane in the non-Abelian picture, in the sense that F ( A) (σ, s) and F (A) (σ, s) are linked by a non-holomorphic transformation:
We would also like to make an observation regarding the mixed terms in Equation (2.7) and their cancellation. As we mentioned in the previous subsection, these mixed terms are eliminated by a relative rotation z → ze 2πik/N for the k th of the N strands of this Abelian brane. This is possible because the profile of each of these strands has to satisfy Equation (2.15), which is invariant under a constant phase shift of z.
In the next subsection, we will prescribe the steps one would have to follow in order to derive, given an explicit T-brane solution on the non-Abelian side, the embedding of the dual Abelian brane satisfying equation (2.15).
A solving procedure
The discussion of the previous sections suggests the existence of a brane-brane duality, governed by the two real conditions written in (2.14) and (2.15). We would now like to study them in more detail: In particular, we are going to outline a systematic procedure that, given the non-Abelian-brane description as an input of the problem, may be used for the derivation of the Abelian-brane dual of the same system.
The starting point is to solve Equation (2.14), which means fixing the function F (A) (σ, s). As is clear from (2.18), this equation does not have a unique solution. Consider for example the Ansatz 20) which solves Equation (2.14) for any h(σ). In the above, the symbol indicates the derivative with respect to σ. However, the symmetry of Equation (2.18) under the interchange of w ↔w and σ ↔ s makes it possible to generate yet another Ansatz that solves (2.14). We have not attempted to study the solution space of (2.14), in particular how large this is. Rather, we stick with Ansatz (2.20), which will prove to be a viable choice in our working example, and proceed with the solving algorithm. The second step would be to solve the differential equation (2.15), whose unknown is the function z(w). However, the r.h.s. of (2.15) is explicitly expressed in terms of σ, s, and hence we would need to invert (2.20) and write σ, s in terms of w,w, in order to be able to solve (2.15) for z(w). But this is impossible until we specify F (A) (σ, s) completely. Nevertheless, we can still proceed by making an important observation. Equation (2.15) implies that the expression in its r.h.s. is an absolute value of a holomorphic function of F (A) , and not just of a holomorphic function of F ( A) , as can be easily checked. Moreover, the logarithm of the absolute value of a holomorphic function is harmonic. We can now use the expression of the Laplace operator in terms of w,w to convert this harmonicity condition into a differential equation constraining the Ansatz for F (A) (σ, s), and fixing the w-dependence on σ, s completely.
Summarizing, the algorithm goes as follows:
1. Start with an explicit solution to the Hitchin system, Eq. (2.1).
2. Fix an Ansatz solving Eq. (2.14).
3. Rewrite the harmonicity condition
, which follows from chain rule and Eq. (2.18). Now solve (2.21) for F (A) (σ, s), using the explicit solution to the non-Abelian system (2.1).
4. If no solution is found, repeat Item 2 by finding a different Ansatz.
Having fixed the form of F
(A) (σ, s), we can now express σ, s in terms of w,w using (2.20), finally rewrite Eq. (2.15) as a differential equation for z = z(w), and solve it.
There is a little caveat here. Assuming that z is a holomorphic function of w is certainly not general enough, in the sense that poles may arise on the w-plane (as we will see in the next section). However, the embedding of the Abelian brane can be globally described by a holomorphic function f (A) (w, z). In this description, the relevant quantity ∂ w z, which appears in the actions (2.8) and (2.9), should be replaced by −∂ w f (A) /∂ z f (A) . This can be seen as follows: On the Abelian-brane worldvolume, f (A) (w, z) = 0 and is constant. Therefore its total derivative with respect to any coordinate on the brane must vanish, implying by chain rule that ∂ ξ w∂ w f (A) (w, z) + ∂ ξ z∂ z f (A) (w, z) = 0 for any complex worldvolume coordinate ξ. Going to static gauge, ξ = w, we obtain the desired relation.
Before ending this section, we would like to stress that we have not investigated whether the above algorithm leads us to a unique solution for the Abelian side, given a specific input solution to the Hitchin system. We would expect, though, that every solution for z = z(w) of Equations (2.14) and (2.15) would be related to each another by holomorphic changes of the w-variable, thereby leaving the brane physics invariant. It would be interesting to verify this statement.
Explicit example
In this section we will revisit the example of [17] , in which the Abelian dual of a nilpotent Tbrane configuration was derived. We will show how the procedure outlined in the previous section can be used to deduce and generalize the final result of [17] .
The non-Abelian T-brane solution considered in [17] is given by 22) where the Σ i form an N -dimensional representation of the su(2) algebra and C is a real constant with the dimension of a mass. This is the input to our problem. The next step of our procedure is to select an Ansatz solving (2.14), and we choose (2.20). Now we must evaluate and solve (2.21), which, after some manipulations, amounts to finding h(σ) that satisfies
The differential equation (2.23) happens to have a fairly simple solution: 25) where integration constants have been chosen such that h(σ) → σ as C → 0. We will return to discuss the interpretation of these integration constants later on. We now have F (A) (σ, s) explicitly given, and we are able to reformulate the r.h.s. of (2.15) in terms of w andw. For the particular solution at hand, the latter is independent of s. Moreover we have ww = h(σ)
2 . Therefore we can rewrite (2.15) as: 26) where, consistently with the procedure followed in [17] , we took a large-N approximation and hence have neglected 1/N 2 corrections. We can now solve the differential equation for z(w), putting the integration constant (which gives position of the-center-of-mass of the Abelian brane) to zero. Equation (2.26) leaves us with the freedom of a constant phase, which can be chosen differently for each strand of the solution. Calling this phase χ k for the k th strand, we have
As described in Section 2.1, in order to cancel the mixed terms in the action, one convenient choice is χ k = 2πk/N for the k th strand. 11 In solving the differential equation (2.23), we have fixed two positive, real integration constants, C 1 and C 2 , in such a way as to recover a regular shape (2.27), without branch cuts. Different choices of such constants would amount to the holomorphic change of variable w → C 1 w C 2 , which of course carries no physical information. A three-dimensional projection of this shape has been drawn in Figure 1 , plotted for ten strands. We would like to end this section by a few remarks. In [17] the family of solutions above (parametrized by C) was obtained using a chain of dualities: A first T-duality, followed by a brane-polarization effect, and a final T-duality. However, the last step was only taken for the C = 0 representative of the family. The direct construction we obtain in this paper allows us to instead derive the Abelian dual of the whole family of solutions.
Also, note that the constant C does not appear in the embedding expression (2.27), but is hidden in the expression of w = F (A) (σ, s). In other words, C does not affect the shape of the Abelian brane, which is thus the same for every solution in the family, but rather it determines the complex structure on its worldvolume, through Equation (2.25).
Another important improvement of our approach is that it allows us to derive an exactin-N Abelian dual. Indeed, nothing prevents us from solving Equation (2.26) without making any large-N approximation, thereby obtaining the correct factor of √ N 2 − 1 rather than N in the shape (2.27). While this seems perfectly consistent in the present context, it would not be so within the framework of [17] , where the Abelian dual was derived using a T-dual Type-IIA brane configuration. The reason is that the T-dual D6-D8 system involved a compactly supported worldvolume flux on the funnel-shaped D8-brane worldvolume, which is integrally quantized and accounts for the N units of D6-brane charge. It is precisely this quantization condition that forces the non-Abelian and the Abelian pictures to match only approximately at large N . Here, on the contrary, we have never assumed the existence of a T-dual frame for our D7-brane configurations, and we have derived the duality in a completely non-compact context directly in Type IIB string theory. Therefore, we do not have to impose any further consistency constraints from tadpoles or flux quantization conditions, and consequently there is no reason to expect our duality not to be exact in N . Extending our work to compact settings will certainly induce further requirements, and consequently the duality match may need a large-N expansion to work.
Finally, one may be worried that the Abelian dual solution we just constructed is made of N independent branes, thus giving rise to a U (1)
N gauge symmetry, as opposed to the single U (1) left unbroken by the corresponding non-Abelian solution. However, we can easily see that the different strands are all frozen by their boundary conditions, and all join at two points. Indeed, from Equation (2.27) it follows that the various strands never meet, except at infinity. To see what happens near infinity in either complex plane, it is convenient to replace C z × C w with CP 
So far we have been looking at the patch where z 2 and w 2 are both non-zero and therefore it is possible to set them to 1. However, there are four affine patches in total. Calling the patch where the coordinate x does not vanish U x , we have
29)
30)
31)
Here z = z 1 /z 2 ,z = z 2 /z 1 and similarly for w. We see that there is no intersection in U z 2 ∩ U w 2 and in U z 1 ∩ U w 1 , but all strands join atz = w = 0 in U z 1 ∩ U w 2 and atw = z = 0 in U z 2 ∩ U w 2 . This confirms that there is only one brane with different strands visible in the patch we were considering before. This example suggests that, in general, the Abelian dual of any T-brane configuration would be specified by a meromorphic embedding expression z = z(w), and by a strand structure where all the different strands would be frozen by boundary conditions.
Four supercharges
Let us now turn attention to T-brane configurations preserving only four supercharges. We will follow the same strategy as in the previous section to derive the general conditions that corresponding Abelian configurations need to meet. We first discuss in Section 3.1 the non-Abelian side with the corresponding Hitchin system of equations, deriving the general expressions of WZ and DBI actions, and distinguishing the various types of induced (lowerdimensional) brane charges. We then turn to the analysis of the Abelian side in Section 3.2, where we follow a similar structure in the derivation of the general WZ and DBI actions. Finally, in Section 3.3, we provide the duality dictionary relating the two brane systems.
The non-Abelian side
This time we retain a C 3 factor of the flat ten-dimensional space-time of Type IIB string theory, parametrized by v = v 1 + iv 2 , w = w 1 + iw 2 , and z = z 1 + iz 2 , and neglect the remaining four dimensions. We again consider a stack of N D7-branes placed at f ( A) (v, w, z) = z = 0. We denote the four real worldvolume coordinates we care about by τ, t, σ, s, and choose to work in static gauge:
Given the space-time complex structure chosen, this specifies the complex structure on the worldvolume such that τ + it and σ + is are the holomorphic coordinates. The BPS equations governing this supersymmetric system are written in (1.1). For the present analysis, however, we will also have to consider the leading α correction to the nonholomorphic equation, which has been derived in [18, [45] [46] [47] . The latter will indeed be essential for establishing the duality. Written in real coordinates, the full set of equations, including the correction term is:
where, as before, we have defined
. Recall that we focus on configurations where Trφ 8 = Trφ 9 = 0, and where φ c is along the Cartan of the gauge group. The last term of the last equation is an α 2 correction to the BPS equations [18, 47] , and to write it we collectively indicated the worldvolume coordinates as ξ α = {τ, t, σ, s}, with τ tσs = 1. For dimensional reasons, and because the D7-brane stack is flat, this is the only non-vanishing α correction to the BPS equations within the regime of validity of the Hitchin-system description.
We are now in the position to write the general WZ action Eq. (2.2) for a foursupercharge configuration, which we split into three terms corresponding to the coupling to different RR-potentials:
2)
The curvature corrections in (2.2) are vanishing here, because the brane worldvolume is flat and trivially embedded. The three terms above correspond to D7-, D5-, and D3-charges respectively, which we are going to consider in order.
D7-brane charges
The terms multiplying C 8 can be written as (see [40] for details)
where linear terms in φ have been removed because of their tracelessness, and all but the last equation in (3.1) have been used to get rid of φ 9 and to simplify the expression.
12 Analogously to the 8-supercharge discussion, we use the notation:
2 } are collective coordinates for the C 3 subspace of the space-time.
D5-brane charges
The terms multiplying C 6 can be written as (see [40] for details)
where, as usual, we have been using all but the last equation in (3.1) to simplify the expression. The coefficient of C
, is proportional to the λ 2 correction to the Hitchin system, written in the last line of (3.1). None of these terms vanishes in general. In particular, the first line is generically non-zero because, as opposed to the eight-supercharge case, Trφ c = 0 does not imply the tracelessness of F 2 . We will come back to the structure of the induced D5-brane charges in Section 3.3, where we will focus on configurations with a vanishing trace of all components of F 2 .
D3-brane charges
The terms multiplying C 4 can be written as (see [40] for details)
where we have used the equations in the third line of (3.1). Note that the above expression does not have a definite sign, because in T-brane configurations F 2 is not anti-self dual. In contrast, for ordinary D-brane solutions, φ c vanishes. For low gradients of Φ in string units, we can neglect the λ 2 correction in (3.1), which implies primitivity of F 2 : F 2 ∧ J = 0. This in turn leads to F τ t = −F σs , making the above expression a sum of three perfect squares and thus of negative definite sign.
DBI action
The computation of the non-Abelian DBI action is significantly more involved. The quantity we would like to compute is (2.4) by imposing that the system satisfies the set of equations (3.1). Since we are in flat space, (2.4) simplifies to [33] :
Remarkably, it is possible to show that, after imposing all but the last equation in (3.1), the DBI action significantly simplifies leaving the expression
where we defined the quantity T as
whereas D is defined in the last line of (3.1). Supersymmetry requires D = 0, implying that the argument of the square root in (3.7) be a perfect square, as expected. This highly non-trivial simplification confirms the results of [18, 47] on the form of the α corrections to the BPS equations. Summarizing we find that the DBI action becomes (see [40] for details)
(3.10)
The Abelian side
On the Abelian side we can no longer a priori expect the T-brane physics to be captured by curvature only. The T-brane will generically have lower-dimensional brane charges induced by the terms derived in the previous section (cf. Equations (3.4) and (3.5)), and the Abelian brane may need a worldvolume flux switched on in order to induce these charges. We still look for the same structure as for the branes preserving eight supercharges, expecting that the N one-dimensional Kähler strands of Abelian branes now are N twodimensional Kähler sheets. The goal is to write down the duality conditions to be satisfied by the holomorphic embedding f (A) (v, w, z) = 0 of the Abelian brane. As before, we find it more convenient to invert f (A) , and formulate the expressions in terms of z = z(v, w). Let us start by focusing on the WZ action (2.2). The terms we need to consider are
This is the action for a single sheet, and the matching with the non-Abelian WZ action is performed as before by considering N sheets with different phases adding up to zero. We will now discuss the various induced brane charges.
D7-brane charges
)Im(∂ w z∂vz) , (3.12) where J = [∂X i /∂ξ α ] is the Jacobian matrix, with
Here, for simplicity, in writing the sum over the N sheets, we ignored all terms linear in z (z), which are canceling under the sum.
D5-brane charges
The terms multiplying C 6 can be expressed using the following six quantities
and we obtain (see [40] for details):
Im ∂ w z∂vz((α
This expression is for a single Abelian sheet, and no phase-shifted sum has been carried out yet. The reason is that we can in principle allow a different F 2 on each sheet. We postpone this discussion to Section 3.3.
D3-brane charges
To write the terms multiplying C 4 we need to evaluate theÂ-roof genus in (2.2). The latter can be expanded in terms of Pontryagin classes for both the tangent and the normal bundle of the brane worldvolume S 15) where the ellipsis stand for higher-form terms, which vanish for dimensional reasons. The Pontryagin classes can in turn be written in terms of Chern classes. Indeed we have that for any vector bundle E carrying a complex structure the first Pontryagin class may be written as
Moreover in our case the normal bundle N S is a line bundle and therefore its second Chern class vanishes. Using the fact that the brane wrapping S is embedded in flat space, we can use adjunction and get
implying, in particular, that c 1 (T S) + c 1 (N S) = 0. 13 This allows us to write the induced D3-brane charge as
For later comparison we will find it useful to write the second Chern class in terms of the curvature two form:
DBI action
On the Abelian side of this four-supercharge system the α -corrected DBI action (2.4) takes the following form 20) where g is the determinant of the pull-back of the flat metric onto the brane worldvolume, and, for simplicity, we have chosen to work with vanishing worldvolume flux 14 . We now need to compute the curvature corrections as well as the determinant of the metric. In order to do so, we need to obtain the expressions for the various combinations of the Riemann tensor appearing in (3.20) . We can use the Gauß-Codazzi equations to rewrite them in terms of the Riemann tensor R of the ambient space and the second fundamental form Ω (see for instance [44] for further details):
Recall that greek (latin) indices denote directions tangent (normal) to the embedded manifold. Moreover we called g αβ the metric on the tangent bundle and we have the trivial metric δ ab on the normal bundle. The second fundamental form may be written in terms of the embedding functions
where Γ T is the Levi-Civita connection built using the metric on the tangent bundle of the embedded manifold, and Γ is the Levi-Civita connection of the ambient space. In our case two kinds of simplification occur: First the ambient space is flat, so that R = 0, Γ = 0, and the brane worldvolume is a Kähler manifold embedded holomorphically. This greatly simplifies the structure of the second fundamental form: Passing to complex indices, but keeping the same symbols for them, the only two possible tensor structures are Ω a αβ and its conjugate Ωā αβ . It is now simple to show that the following relations hold
Therefore (3.20) simplifies to
The part that remains to be computed is the determinant of the metric. Using the condition that the embedding is holomorphic, the argument of the square root becomes a perfect square giving the simple expression (see [40] for details)
Combining both results, we find that the DBI action is
where we have also taken the sum over all sheets to produce the overall factor of N .
Duality dictionary
Analogously to the eight-supercharge T-branes discussed in Section 2.1.3, we now proceed to compare the two pairs of actions derived in the Sections 3.1 and 3.2 for generic space-time data, and establish in this way our brane-brane duality.
D7-brane charges
Equating the non-Abelian with the Abelian WZ action at the level of C 8 terms, (3.3) and (3.12) respectively, leads to the following conditions:
Note the appearance of two extra equations compared to the eight-supercharge system: The third equation, which is just the analog of the second one for the extra complex coordinate v, and the fourth equation, which mixes the two complex directions v and w. We can recover the eight-supercharge system of duality conditions (2.14) and (2.15) by simply putting ∂ v z = 0, and removing all objects with τ, t indices. For standard intersecting D7-brane configurations (namely with φ c = 0) the above set of equations is solved by an identification analogous to (2.17), where we now allow dependence also on v.
D5-brane charges
Equating now the two WZ actions at the level of C 6 terms, (3.4) and (3.14) respectively, gives us extra duality conditions. First let us consider the components of C 6 without legs along z, which appear in the first lines of both (3.4) and (3.14) . On the non-Abelian side these terms contain a trace of a single flux component, and they are supposed to be related to the α coefficients (which contain the Abelian flux F (A) 2 ) as follows:
sτ .
(3.31)
The D5-brane charges induced by these non-Abelian-flux traces are not really genuine Tbrane data, because they contain no information about the commutator of φ's. In other words, they only "dress" the T-brane data with extra information which does not affect the non-Abelian behavior of the system. Therefore, to keep the present discussion as simple as possible, we focus on "pure" T-brane configurations, namely those having every component of
traceless. In particular, since we want the non-Abelian features of our configuration to only originate from Φ, we take every component of the worldvolume flux to lie along the Cartan of the gauge group.
To determine the Abelian dual of these types of T-brane configurations, Equation (3.31) suggests us that we can take α ij = 0 ∀i, j. From the definition (3.13), the easiest possible solution for the Abelian flux is then F (A) αβ = 0 ∀α, β. Given the homogeneity of Eq. (3.14) in the α parameters, setting all of them to zero removes all induced D5-brane charges. This is incompatible with the duality, unless all terms in Eq. To summarize, the sort of "pure" T-brane configurations we focus on here admit an Abelian dual made of curved D7-branes with vanishing worldvolume flux, exactly like in the eight-supercharge systems discussed in Section 2. Note that extending the duality to non-Abelian configurations in which the T-brane is not pure, namely has non-trivial D5-brane charge induced, does necessitate F (A) 2 = 0 on the Abelian side, but we will not consider such configurations here.
D3-brane charges
The last duality condition comes from requiring the matching of the C 4 couplings (the induced D3-brane charges), namely Eq. (3.5) with Eq. (3.18) . Using that the Abelian side 15 We do not use the equal sign here, because in Equation (3.14) we have not performed the sum over all the N Abelian sheets.
16 This is true because [Φ, Φ † ] is along the Cartan, and this implies that Φ can only be a linear combinations of the generators associated to all simple roots and to the negative of the highest root (modulo Weyl reflections).
has vanishing worldvolume flux, this leads to
where the curvature of the fluxless Abelian brane appears on the l.h.s., and the flux of the flat non-Abelian stack appears on the r.h.s.. To summarize, once an embedding is found that solves the system (3.30), the curvature induced by that embedding is also subject to the above condition.
DBI action
Finally, we need to check the matching of the two DBI actions: Equation (3.10) on the non-Abelian side and Equation (3.29) on the Abelian side. For configurations preserving eight supercharges, analyzed in Section 2, we showed that the matching of the DBI actions follows from the matching of the WZ actions, without imposing further constraints. Here, on the contrary, we will get an extra consistency condition. For the reader's convenience, we rewrite the two DBI actions (3.10) and (3.29) here
Using Equations (3.30) and (3.32), we can readily see that the above actions do not match, unless the curvature of the Abelian brane satisfies the following condition
This constraint could be easily satisfied by imposing anti-selfduality of the curvature twoform, R T = −R T . However, this is too strong, because it would completely kill the curvature. Indeed, writing the adjunction formula (3.17) at the level of the four-form representatives, using the second fundamental form, one obtains Tr
Anti-selfduality for R T would imply that the l.h.s. of this equation is non-positive while the r.h.s. is non-negative, thereby constraining R T to identically vanish. It is not clear to us whether the curvature constraint (3.33) follows from the form of the embedding that solves (3.30), or it imposes further conditions on it. In other words, it would be interesting to understand to what extent the set of duality equations (3.30) fixes the form of the Abelian-brane embedding. We will further elaborate on this open problem in the next section.
Discussion
In this work we have found what we believe to be substantial evidence for the proposal made in [17] , that the physics of T-branes, in the regime of parameters where the expectation values of the worldvolume fields are larger than the string scale, is described by multiple Abelian branes wrapping curved holomorphic manifolds. This duality makes T-branes much less mysterious from a brane-model-building perspective.
The evidence for this duality presented in [17] was obtained in the large-N limit using a very specific example of a T-brane preserving eight supercharges, and came via a complicated chain of dualities. In contrast, the analysis of this paper applies to all T-brane solutions, and establishes this duality for finite N , by working in only one duality frame. We confirm this by matching the Wess-Zumino and the Dirac-Born-Infeld action of the two dual descriptions. This results in several differential equations, whose solution gives the holomorphic embedding of the Abelian brane dual to a given T-brane configuration. These matching equations are (2.14) and (2.15) for T-brane profiles preserving eight supercharges, and (3.30) for T-branes preserving four supercharges. The latter T-branes can also have a non-trivial D3 charge, and matching this charge imposes a quadratic constraint on the curvature two-form of the Abelian brane (3.33), which we believe deserves a deeper understanding.
We have then used the general, algorithmic, methodology we developed for constructing Abelian descriptions of T-branes on the particular configuration analyzed in [17] . We showed that the Abelian-brane curve obtained in [17] is a solution of the matching equations, and argued that the Abelian description of that T-brane solution consists of a bouquet of Abelian D7 branes (each solving the matching equations) meeting at two points. The analysis of the full space of solutions to the matching equations and the precise selection among these solutions of the Abelian brane embedding dual to a given T-brane profile are interesting directions of further study.
Our work opens up several other interesting directions of investigation. One is to produce more explicit examples of this T-brane duality, possibly with four preserved supercharges and involving a non-constant profile of the Higgs field in the holomorphic gauge.
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When the holomorphic-gauge Higgs field Φ h is constant and, say, has the form of a N × N Jordan block, it is pretty straightforward to characterize qualitatively the dual Abelian branes. This is essentially because the trace structure of the right-hand-side of (2.15) (or of (3.30)) is that of the generalized Pauli matrices, and the space dependence of Φ factorizes (since it is possible to express it in terms of a single real function). As a consequence, the Abelian brane dual has N D7-brane strands (or sheets), all embedded in the same way and only differing by a phase equal to an N th root of unity. This is analogous to our eight-supercharge example (2.27), though in general the common profile may be different from the simple z ∼ 1/w profile. It is crucial to note that even though these appear to be N independent D7-branes, their relative positions are all frozen by 17 The holomorphic gauge is one in which A (0,1) is fixed to zero, thereby making the Higgs field simply holomorphic. Such a gauge is linked to the physical unitary gauge used in this paper by a transformation of the complexified version of the gauge group. See [1] for details. the boundary conditions, and hence they behave as a single brane whose only massless degree of freedom is the center-of-mass. This is compatible with the gauge symmetry left unbroken by the Φ-profile of the starting T-brane configuration, which is a single U (1), corresponding also to the center-of-mass motion of the original non-Abelian stack of N D7-branes. Generalizing this story to smaller nilpotent orbits of SU (N ) (corresponding to different Jordan-block patterns for Φ h ) is obvious, leading to free relative displacements of groups of strands (or sheets) and hence to a larger unbroken symmetry.
A more complicated family of T-branes are those for which some of the entries of Φ h have non-empty vanishing loci, or whose Higgs field in the holomorphic gauge is nonconstant. Since we do not know of any explicit solution in this family at present, we do not have a global picture of what the Abelian dual looks like. However, we can still qualitatively predict what is going to happen patch-wise. Indeed, suppose Φ h is expanded along the simple roots of SU (N ), with generic holomorphic polynomials as coefficients. In the local patch where none of these coefficients vanish 18 , the Abelian-dual description will have the same structure of strands (or sheets) as the T-branes with a constant maximal Jordan block discussed above. However, when we restrict to the local patch of the complex codimension-one locus where one of the holomorphic polynomials vanishes while all the others are non-zero 19 , the size of the maximal Jordan block splits into two, the unbroken symmetry enhances, and consequently the Abelian dual will be characterized by two independent groups of strands (or sheets). For configurations with four supercharges, there will generically be also a complex codimension-two locus, where two holomorphic polynomials vanish simultaneously and the symmetry enhances further: There, the Abelian dual will be characterized by three independent groups of sheets. Therefore, we can always describe the branch structure of the Abelian dual of a general nilpotent T-brane by patching together different Jordan-block patterns. It would be very interesting to work out, in a given example, the global profile of a multi-branched D7-brane which interpolates between these different patch-wise descriptions. Because of this varying branching structure, we expect such a global profile to involve non-constant phase shifts.
Another class of T-brane configurations whose Abelian dual would be very interesting to construct is the one involving non-trivial monodromies [1] . Again, let us give here a qualitative picture, leaving a more detailed analysis to the future. Consider the following N × N Higgs field in the holomorphic gauge where p(v, w) is a generic holomorphic polynomial of the worldvolume coordinates of the flat stack of N D7-branes, placed at z = 0. On one hand, at the locus where p(v, w) vanishes, the dual description of this T-brane must have the same branch structure of the one studied in Section 2.3: N D7 sheets, each located at a different N th root of unity in the complex z-plane. On the other hand, in the open set where p(v, w) = 0, the matrix (4.1) can be diagonalized to one having all the N roots of p(v, w) on the diagonal. 20 In this new holomorphic frame, this configuration has a straightforward dual description in terms of N D7-branes located at z = p(v, w) 1/N e 2πik/N , where k = 1, . . . , N labels the sheets. Hence, when moving around the p = 0 locus, the D7-branes undergo a cyclic permutation of order N . This strongly suggests that the Abelian embedding dual to the T-brane (4.1) must be such that the N sheets, which we found at p = 0, when moving off this locus and looping around it, undergo the same type of cyclic monodromy. It would be very interesting to verify this intuition by following the prescriptions outlined in this paper in order to explicitly derive the Abelian dual of (4.1).
In this paper we have restricted our analysis to T-branes in flat space. It would be very interesting to extend our duality to compact, curved T-brane configurations. Extrapolating the results presented here, we can imagine two possibilities. First, the dual Abelian brane may carry a different curvature with respect to the original T-brane, the difference of the two curvatures being related to the (non-primitive) flux data of the T-brane. Second, the dual Abelian brane may carry a non-trivial flux, which takes into account the information about the curvature of the original T-brane. Similarly, we have only considered foursupercharge T-branes with traceless flux, whereas supersymmetry only requires the trace of the flux to be a primitive two-form. We expect that allowing such extra flux on the non-Abelian side will require the dual Abelian brane to carry flux too. We hope to come back to these interesting questions in a future publication.
